In this seminar physics behind Manhattan Project is presented. I tried to describe problems physicists were facing when assembling the nuclear bomb during World War II and the decisions they made. By that I mean the choice of the proper fissile material, type of detonation and other aspects. Processes in the bomb core are presented by using simple models and techniques. At the end we test a numerical simulation of the detonation by using the acquired results, and compare them with the actual data.
Introduction
The Manhattan Project was a research and development project that produced the first atomic bombs during World War II. It was led by the United States with the support of the United Kingdom and Canada. By the time Nazi Germany invaded Poland in 1939, beginning World War II physicists on both sides were already well aware of the possibility of utilizing nuclear fission as a weapon, but no one was quite sure how it could be done. In August 1939, concerned that Germany might have its own project to develop fission-based weapons, Albert Einstein signed a letter to U.S. President Franklin D. Roosevelt warning him of the threat. Roosevelt responded by setting up the Uranium Committee, but because of low funding the progress was slow. It was not until the Japanese attack on Pearl Harbor in December, 1941 , that the U.S. decided to commit the necessary resources. There are two basic types of nuclear weapons. The first type of nuclear bombs derive the majority of their energy from nuclear fission reactions alone, while the second type use fission reactions to begin nuclear fusion reactions that produce the majority of the total energy output. Nuclear weapons tested and used during World War II were composed only of fission material and released the same amount of energy as approximately 20 kilotons of TNT. The first nuclear device ever detonated was an implosion-type bomb at the Trinity test, conducted at New Mexico's Alamogordo Bombing and Gunnery Range on 16 July 1945. Little Boy and Fat Man were used in the atomic bombings of Hiroshima and Nagasaki, respectively [1] . [2] ; Fat Man explodes over Nagasaki, Japan, 9 August 1945 (right) [2] .
Physics of the Fission Process
The first problem when constructing a nuclear weapon is how to select a proper fissile material. To explain the problem more in detail, we must first determine some notation.
Mass Excess and Q-Value
The quantities that need to be considered are the mass excess and the Q-values. Since the total mass-energy in any reaction must be conserved, we can write
The Q-value of a reaction is defined as the difference between the output and input kinetic energies and equals the difference between the sums of input and output rest masses. We can now define the mass excess µ as the difference between the mass number of particle A and rest the mass of particle m (in amu) as µ = m − A. The Q-value can than be written as
where u is the atomic mass unit (939.494 MeV). If Q > 0, the reaction liberates energy, whereas if Q < 0 the reaction requires a threshold energy to occur.
Energy Release
For a better picture of energy release in fission, consider splitting of a 235 U nucleus into barium and krypton along with the release of three neutrons (although neutron-induced uranium fission can happen in many other ways with a wide variety of resulting fission products): 
The Q-value of this reaction is Q = 173.3 MeV. The fission energy latent in a single kilogram of 235 U is equivalent to nearly 17 kt of TNT (7.1 · 10 13 J). The explosive yield of Little Boy, the uranium bomb dropped on Hiroshima, has been estimated at 13 kt of TNT, from which we can infer that only 0.8 kg of 235 U actually underwent fission. Upon considering that Little Boy contained about 64 kg of 235 U, we can appreciate that the first fission weapons were actually rather inefficient [3] .
Energy Spectrum of Fission Neutrons
The probability of neutron being emitted with energy between E and E + dE in a fission process can be, according to Hyde (1964) , expressed as [4] 
where K is the normalization constant and α is a parameter. For energies measured in MeV, α ≈ 1.29 MeV in case of 235 U. The mean neutron energy E is a probability-weighted average of E. The integral in this case evaluates to
For α ≈ 1.29 MeV, E ≈ 1.93 MeV. For later use, it will prove helpful to know how to calculate the fraction of the secondary neutrons that have energies greater than some value :
where x = E/α.
Fission barrier
Theory indicates that any otherwise stable nucleus can be induced to fission under neutron bombardment. The fission barrier is a certain minimum energy that has to be supplied to deform the nucleus sufficiently to make the fission process possible. The energy needed for the nucleus to undergo fission can be supplied in two ways:
• In the form of kinetic energy carried by the bombarding neutron that initiates the fission.
• From the binding energy difference between the former nucleus and the nucleus that absorbs the projectile and so becomes a different nuclide with its own binding energy.
While the nucleus undergoes fission, it is believed that it proceeds via the formation of a "compound" nucleus, formed when the nucleus absorbs the incoming neutron. For uranium two cases are relevant: Figure represents the theoretically-computed fission barrier (smooth curve) and a more sophisticated calculation (irregular curve) as functions of mass number.
Maximum barrier energy of about 55 MeV is for elements with mass number around 90 amu. The fission barrier for elements with mass number greater than plutonium is a few MeV. The problem with elements heavier than Pu is that half-lives for various modes of decay (α and β) tend to be so short as to make them impractical candidates for weapons materials despite their low fission barriers [5] .
For the first reaction in (7) the Q-value is 6.5 MeV while for the second reaction it is about 4.8 MeV. The most important information at this point is the difference between the Q-value and the fission energy barrier. In the case of 236 U the Q-value exceeds the fission barrier by nearly 0.9 MeV, while the Q-value of the lower reaction in (7) falls some 1.6 MeV short of the fission barrier. This means that in the first case, no matter how little kinetic energy bombarding neutron has, it can induce fission in 235 U, while on the other hand only neutrons with kinetic energy greater than 1.6 MeV will induce fission in 238 U.
Figure 3:
239 Pu, 235 U, and 238 U fission crosssections and 238 U capture and inelastic-scattering cross-sections as functions of bombarding neutron energy [5] .
The unsuitability of 238 U as a weapon material is, however, more subtle. The first problem is, as already discussed, that 238 U needs at least about 1.6 MeV to reach the fission barrier. By using (6) we can calculate that about half of the neutrons have energies as high. But that is not all. The main cause is energy dependence of the cross-section shown in Figure  3 . A fast neutron striking 238 U is about eight-times as likely to undergo inelastic scattering than to induce fission. Inelastically scattered neutrons have their energy reduced to a most probable value below 1 MeV where 238 U have significant neutron capture non-fission cross-section. The overall result is a rapid suppression of any chain reaction. We can see that the fact that 238 U is not useful as a weapon material is due not to a lack of fission cross-section for fast neutrons but rather to a parasitic combination of inelastic scattering and a fission threshold below which it has an appreciable capture cross-section for slow (thermal) neutrons.
Critical Mass
After choosing proper fissile material one may consider the amount needed to make a workable nuclear weapon-the so called critical mass. By using diffusion theory we compute critical radii which can be transformed into equivalent critical masses upon knowing the density of the material involved. We use diffusion theory only as an approximate model, as neutron scattering is not isotropic. Using diffusion model would still be reasonable if neutrons suffer large enough number of scattering to erase the non-isotropic angular effect, but that too is not true. Material in this sesction is adopted from a publication elsewhere (Reed 2011) [5] .
Untampered Core
First we consider untampered core-bare spherical fissile material. If neutron scattering is isotropic (which we assume), the transport cross-section is given by the sum of fission and elastic-scattering cross-sections:
Inelastic scattering only affects the situation indirectly in that it lowers the mean neutron velocity. The mean free path λ is related to the cross-section as λ = , where n is the number density of nuclei. In a spherical bomb core, the diffusion theory provides the following equation:
where N is the neutron number density, v neut is the average neutron velocity, ν is the number of secondary neutrons produced in each fission and λ f and λ t are mean free paths for fission and transport, respectively. The outer parts of equation represent usual diffusion, while the middle one represents the production of the neutrons. Using r as an usual spherical radial coordinate and knowing that diffusion equation as a mathematical entity is 'separable', we can assume a solution for N (t, r) of the form N (t, r) = N t (t)N r (r). After inserting the assumed solution in (9), we can separate radial and time dependent number density and define the separation constant as α/τ . The solution for the neutron density emerges as
where τ is the mean time before fission and is defined as τ = λ f /v neut , N 0 is the neutron density at t = 0 and
To determine the critical radius we need a boundary condition on the surface of the core to apply to (10), which we can obtain intuitively. The number density on the surface must be equal to the average mean free path of neutrons (in spheric coordinates), multiplied by the time derivative of neutron density (which we can interpret as the speed of neutrons):
In that case one finds that the critical radius is given by solving the transcendental equation . The only two variables in equation (13) are the core radius r and the exponential factor α. To determine the threshold bare critical radius R 0 , we set α = 0. Knowing the density of the material, the critical mass can than be simply calculated as M 0 =
In that case the reaction will grow exponentially in time until all of the fissile material is used up-supercriticality. Having too much of fissile material can lead to pre-detonation, while on the other hand having only a single critical mass will not produce much of an explosion due to rapid heating and expansion of the core, causing its mass density ρ to drop and so increasing the mean free path of neutrons before fission. To overcome this problem, two techniques of detonation are used. The last equation underlines the concept of implosion weapons, where one starts with less-thannormal critical mass. When detonating, a sufficiently strong implosion must be achieved in order to reach and overcome the critical threshold. The second technique is a non-implosive gun mechanism to assemble the sub-critical components. Both were used in World War II. The atomic bomb dropped on the Japanese city of Hiroshima on August 6, 1945, called Little Boy was a gun-type bomb using 235 U (left on Figure 4 ), while Fat Man, detonated over the city of Nagasaki, was an implosion type bomb using a 239 Pu core (right on Figure 4 ). For implosion a combination of fast and slow explosives was used to achieve a uniform, spherical shock wave. 
Tampered Core
Let us now consider a core with presence of tamper. As we will see, the tamper not only reduces the critical mass (because it reflects some of the neutrons back into the core), but also slows the inevitable expansion of the core, allowing more fissions to occur before the density drops to the point where α < 0 and criticality no longer holds. To describe the behaviour of the neutrons in the tamper we again use the diffusion equation (9) but this time without the term corresponding to production of neutrons (tamper not from fissile material):
where the indices tr and ta stand for "transport" and "tamper", respectively. For simplicity we will assume that average neutron speed within the tamper is the same as that within the core. Using the same trial solution for N ta of the form N ta (t, r) = N ta t (t)N ta R (r) and defining separation constant to be δ/τ (τ = λ core f /v neut ) the solution is:
where A and B are constants of integration, d ta is defined as
and d core is the same as in Eq. (11). As we can see the solution depends on the value of the δ and has the same role as α. As such we only take interest in δ ≥ 0. The last thing to do to find a solution is to apply boundary conditions to (10) and (15). What boundary conditions should we apply? The first two are obvious: the flux and the density of the neutrons across the interface must be continuous. The third is the same as for untampered core (12). After some algebra we get:
where R T R is the threshold critical radius of the tampered core and
By first using (16) one can calculate the tampered threshold criticality R T R for given values of the d's and λ's. After that we decide on the number of threshold critical masses C(> 1) of material for the bomb core. This will have radius R co = C 1/3 R T R . Solving (17) numerically will give a value of α(= δ) through d ta and d core . The benefit of knowing α will become clear in next chapter. The following example will provide some sense of how dramatically the presence of a tamper decreases the threshold critical mass. Consider a very thick tamper R ta R T R with two sub-cases. The first is that the tamper is vacuum. In this case λ ta tr = ∞ and (16) 
which can only be satisfied if R T R /d co = π. In the second sub-case we imagine a thick tamper with λ co tr ∼ λ ta tr , that is, the neutron-scattering properties of the tamper are much like those of the core. In this case (16) becomes and the solution is R T R /d co = π/2. A one-half of threshold critical radius in the case when tamper is present relative to case when tamper is not present at all, means a factor of eight in mass. This is a dramatic advantage aside from the issue of any retardation of core expansion.
Let us now calculate a more realistic case. The tamper material used in Little Boy was tungsten-carbide as it is fairly dense and has a low neutron absorption crosssection. The threshold critical mass as function of the outer radius of the tamper is shown in Figure 5 .
Weapon Efficiency

Calculation
Using diffusion theory approximation we described processes happening in the core when it undergoes fission. When assembling a nuclear weapon the main question is its efficiency and yield. We could make an analytic approximation of the untampered core, which gives very unrealistic results. Efficiency involves three distinct time scales: two mechanical and one nuclear, governed by nature. The first is the time required to assemble the subcritical fissile components into one critical before fission is initiated (either we have gun-type bomb or implosion bomb). This time is constrained by the occurrence of spontaneous fission. During World War II USA were also developing a gun-type plutonium bomb codenamed Thin Man which was never tested. The problem was that when producing 239 Pu some of 240 Pu was inevitably formed (about 1%) which have extremely high probability for spontaneous fission (for 0.1kg of 240 Pu it is 4.83 · 10
−2 1 µs
). The development was stopped because gun assembly would be far too slow (order of magnitude 10 2 µs) [8] . The second time scale is t f iss (time needed for all fissile material to be consumed) and the third one is the time the core has to undergo fission until it expands to the loss of criticality t crit (α = 0). Efficiency would be 100% if t crit > t f iss but in practice t crit ∼ 10 −6 s and t f iss ∼ 10 −3 s. Calculating efficiency numerically involves five steps: (i) Specifying fundamental parameters such as atomic weight and mass of the core, its nuclear characteristics (σ f , σ el , ν, energy release per fission E f etc.). The time step ∆t also must be set (as we found out it would be wise to set the value on the order of nanoseconds). The core radius is initialized according to its mass and initial density.
(ii) The exponential neutron-density growth parameter α is determined by numerical solution of (18).
(iii) Knowing the value of τ = λ f /v neut we can predict that a single neutron will lead to a fission at a rate of 1/τ and so the rate of fission at a given time iṡ
The amount of energy released during time ∆t is (at given fission rate):
and this energy is added to the total energy the bomb released until time t, E(t) → E(t) + ∆E.
(iv) Having calculated the released energy we need to estimate the new radius of the core in order to recalculate the value α. To do this we first calculate the pressure at time t. As simple calculation will later show, in our case the pressure is dominated by radiation. By using some knowledge of thermodynamics we can therefore calculate pressure from energy density (u(t) = E(t)/V ) as:
where γ is the radiation pressure parameter (in case of gas pressure domination pressure parameter is γ = 2/3). By invoking the work-energy theorem we can subsequently determine the change in speed of the core. Starting with the equation
where T core is kinetic energy of the core. To improve the veracity of the simulation we take the mass of the core plus that of the tamper in the kinetic energy term (M c+t ). For simplicity we furthermore assume, that the mass and density of the tamper are constant although this is not entirely true (tamper is denser closer to the core). With r the radius and v the speed of the core, we have
from which we can compute the change in the expansion speed of the core over time ∆t as
and update speed of the core and its radius accordingly (v(t) → v(t) + ∆v and r(t) → r(t) + v(t)∆t). The outer radius of the tamper is adjusted on the assumption that its mass and density remain constant.
(v) Begin the next time-step starting with (ii) and loop until α = 0.
After the exponential growth parameter falls below zero we can calculate the efficiency ε of the bomb simply as the quotient of the integrated energy and the total possible energy that can be liberated if all nuclei were to fission:
By knowing the energy released per nucleus (εE f ) we can determine what value of γ to use. Even if the efficiency is low, say 0.1%, then for E f = 180 MeV the released energy per nucleus would be still much higher than the ∼2 keV value at which radiation pressure dominates over gas pressure.
Simulation of the Little Boy Bomb
By using the conclusions from the previous subsection I wrote an algorithm to simulate the early moments of the Little Boy bomb detonated at Hiroshima. The density of the core enters equation (17) through the mean free paths λ, which are not constant. . We calculated the average energy of the secondary neutrons by using (5) ( E ∼ 2 MeV). From this we can calculate the average neutron speed v neut = 19.6 · 10 8 cm/s. The only missing information for the simulation are the cross-sections. As seen in section 2.4, cross-sections are functions of the energy of bombarding neutrons. That is why I used averaged cross-sections around the value of E (σ f = 1.235 b, σ ta tr = 6.587 b, σ co tr = 5.801 b) [8] .
In Figures 6 a) and 6 b) I show the results of my simulation. The integrated energy at time t crit in my simulation has a value of E lib = 13.55 kt of TNT and is pretty close to the actual Little Boy's yield, which was estimated around 13 kt of TNT. The efficiency in this case is about ε = 1.2%. The second detonated bomb codenamed Fat Man in Nagasaki was an implosion-type bomb with a 239 Pu core and had significantly greater efficiency of about ε = 19.5% and yield of 21 kt of TNT compared to the Little Boy [3] . This is due to the momentum of implosion combined with the massive tamper contributed few hundred nanoseconds to t crit .
Conclusion
Throughout the seminar I presented and discussed the basic physics concepts used and explored in the Manhattan Project. First, I examined candidates for fissile material and concluded that the best isotopes of plutonium and uranium are 235 Ur and 239 Pu. Furthermore, by using diffusion theory as an approximate model I showed the importance of the tamper and successfully simulated the early stages of the Little Boy bomb detonation, which was a gun-type model nuclear weapon. Although my calculations predict a little greater efficiency of the bomb compared to the estimated one the calculations are still quite accurate. By comparing the efficiency of the implosion-type and gun-type assembly methods we can conclude that implosion-type assembly methods are much more efficient.
